PHASE TRANSITIONS IN INFINITELY GENERATED GROUPS, 
AND RELATED PROBLEMS IN ADDITIVE NUMBER THEORY 



MELVYN B. NATHANSON 

Abstract. Let A be an infinite set of generators for a group G, and let La{t) 
denote the number of elements of G whose word length with respect to A is 
exactly r. The growth function La is a function from the nonnegative integers 
Nq to the set Nq U {00} . The purpose of this note is to determine all growth 
functions associated to infinite generating sets for groups, and to describe a 
phase transition phenomenon associated with infinite generating sets. A list 
of open problems is also. included. 



1. Generating sets and the word growth function 

Let N = {1, 2,3,.. .} denote the set of positive integers, No — N U {0} the set 
of nonnegative integers, and Z the set of all integers. Let Noo = N U {00}. We 
denote the cardinality of the set X by \X\. 

Let G be a group, written multiplicatively, and let A be a finite or infinite subset 
of A. Let A" 1 = {a -1 : a G A}. The set A is symmetric if A = A . The subgroup 
generated by A, denoted (A), is the set of elements of G that can be written as a 
finite product of elements of A and their inverses, that is, as a finite product of 
elements of A U A -1 . We define the empty product to be the identity e of G. The 
set A is called a set of generators for the group G if G = (A) . In this paper we study 
infinite generating sets. Of course, if the group G happens to be finitely generated, 
then every infinite generating set contains a finite subset that also generates G, but 
we do not require that our generating sets be minimal. 

Let A be a set of generators for the group G. For every x £ G, the word length 
of x with respect to A, denoted £a{x), is the smallest integer r such that x can be 
represented as a product of r elements of A U A" 1 . For 1 £ G, we have £a(x) — 
if and only if x = e. Also, £a{%) = 1 if and only if x ^ e and xgiU A^ 1 . The 
word length function is symmetric in the sense that 

(1.1) £ A (x) = £ A (x- 1 ) 
for all x € G, and satisfies the triangle inequality 

(1.2) £ A (xy) < £ A {x) + £ A (y) 

for all x,y £ G. For every nonnegative integer r, we define the sphere of radius r 

S A (r) = {x e G : £ A (x) = r} 
and the word growth function 

L A (r) = \S A (r)\. 
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If G is an additive group with generating set A, then we denote by —A the set of 
inverses of elements of A, and we define the spheres Sa{t) and the functions £a{x) 
and La{t) analogously. 

Here are two examples of growth functions. Let Q + denote the multiplicative 
group of positive rational numbers. The set P of prime numbers generates Q + . 
The sphere Sp(r) consists of all positive rational numbers that can be written in 
the form p^p^ 2 ■ ■ 'P/i where Pi,P2> ■ ■ ■ iVl are distinct primes, k\, &2, • • • , k# are 
nonzero integers, and Yli=i = r - ^ follows that Lp(r) = oo for all r > 1. 

Let Z be the additive group of integers, and let m be a positive integer. The set 
A = {1} U {m, 2m, 3m, 4m, . . .} is an infinite generating set for Z, and 

LA[r) - jo ifr>[f]+l. 

Let A be an infinite generating set for a group G. We shall prove that either 
La(v) = oo for all r > 1, or there exist numbers r £ N and s £ Noo such that 
La{t') = oo for 1 < r' < r, La{t) — s, and La(t') = for r' > r. The ordered pair 
(r, s) is called the phase transition associated to the group G and generating set A, 
and the sphere Sa{t) is called the transition set. This is the last nonempty set in the 
sequence {S , x(r')}^? =0 . Note that r = 1 if and only if s = oo and G = AuA _1 U{e}. 
Also, r = 2 if and only if S A (2) = G \ (A U A' 1 U {e}) ^ 0. 

The phase transition (r, s) is finite if s £ N and infinite if s = oo. We construct 
examples to show that every pair of numbers (r, s) with r £ N, r > 2, and s G 
Nqo can occur as the phase transition associated to a generating set for a group. 
Moreover, for the additive group Z of integers, we prove that for every integer r > 2 
and for every finite symmetric set S of nonzero integers with |S| = s, there is an 
infinite generating set A such that, with respect to A, the set S is the transition 
set for a phase transition of the form (r, s). 

2. Existence of phase transitions 

In this section we prove the fundamental theorem on the existence of phase 
transitions for groups with an infinite set of generators. 

Lemma 1. Let A be a generating set for a group G. If x,y £ G, then 

(2.1) £ A (x) - e A (y) < £ A (xy) < i A (x) + £ A (y). 
If x £ G and a £ A, then 

(2.2) \£ A (ax) - £ A (x)\ < 1 
and 

(2.3) \£ A (xa) - £ A (x)\ < 1. 

Proof. By the symmetry relation (jl.ip and the triangle inequality (|1.2p . we have 
£ A (x) = £ A {xyy- 1 ) < £ A (xy) +£ A (y~ 1 )= £ A (xy) + £ A {y) 

and so 

£ A {x) - £ A (y) < £ A (xy) < £ A (x) + £ A (y). 

This proves (pTC]) . 
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If e = a € A, then £a{ox) = £a(%) = £a{xci) and inequalities (|2.2p and (|2.3|) 
hold. If a <E A\ {e}, then £a(o) = 1 and inequality (|2.ip with y — a gives 

-1 < ^(ra) - ^4(2;) < 1. 

Similarly, inequality (|2.ip with a; = a gives 

-l<^(ay)-^(y) < 1. 
This completes the proof. □ 

Lemma 2. Let Uq, u%, . . . , Uk be a sequence of integers such that Uq < and 
\ui — Ui-\\ < 1 for i = 1, . . . ,k. If r € Z and Mo < r < uu, then there exists a 
nonnegative integer j < k such that Uj = r. 

Proof. If uq — r, let j = 0. If uq < r, let j be the greatest positive integer such 
that Ui < r for i = 0, 1, . . . , j — 1. We have j < k since Uk > r. Since Uj-i < r — 1 
and > r, the inequalities 

Uj — Uj-l = \uj — < 1 

and 

<r — l<r<Uj< Uj-i + 1 
imply that Uj = r. □ 

Lemma 3. Let A be a generating set for a group G. Let a; G A for i = 1, . . . , k. If 

the nonnegative integer r satisfies r < ^^(cHQ2 ■ • ■ a-k), then there exists a nonnega- 
tive integer j < k such that r = Ia(o\o,i "'•%')• 

Proof. Apply Lemmas [1] and [2] with ut — £ ,4(0102 • • • a^) for i = 0, 1, . . . , k. □ 

Lemma 4. Let A be a generating set for a group G. Let ai G A U A^ 1 for i — 
1,2,. ..,r. If 

lA{a\a2 ■ ■ ■ a r ) = r 

and 1 < i < j < r, then 

^(ajOj+i ■ ■ • aj) = j - i + 1. 
Proof. Let x = 0102 ■ ■ ■ a r and = OjOi + i • • • aj. We have 
£ A (x') = £ A {aia i+ i ■■■aj)< j - i + 1. 

Since 

a; = 0102 ■ ■ • ai_ia/aj + i • • ■ a r 
the triangle inequality implies that 

r = £a{x) = £A{aia 2 ■ • ■ a^xx'aj+x ■ ■ ■ a r ) 

< £,A{a\ai ■ ■ ■ Oi_i) + £a(x') + ^(oj+i ■ • • a r ) 

< (i - 1) + £ A (x') + (r - j) 

and so 

^a(x') > j - i + 1. 

This completes the proof. □ 

Theorem 1. Let A be an infinite generating set for a group G. If r > 1 and 
La{t) < 00, then La{t') — for all r' > r. 
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Proof. Recall that S A (1) = (A U A' 1 ) \ {e}, and so L A {1) = \S A {1)\ = oo. Wc 
define the sets 

S A {<r) = {x€G:£ A (x) <r} 

and 

S A (> r) = {x G G : £ A (x) > r}. 

Then 5a(1) C SU(< r). We shall prove that Sa(> r) is the empty set. Suppose 
not. If x G 5a (> r), then a: is an element of G whose length is r' > r, and there 
exist elements di € (A U A -1 ) \ {e} for i = 1, . . . , r' such that 

x = ai(i2 ■ ■ ■ a r i . 

By Lemma [TJ for every a £ A the element 

ax = aaid2 • • • a r / 

has length at least r' — 1 > r. The generator a has length 1. Consider the sequence 
of elements 

a, aa\, aaia2, 0010203, . . . , aaia2 ■ ■ • a r <. 

The first term in this sequence has length 1 and the last term has length at least 
r. By Lemma |3l at least one term of this sequence has length exactly r. Since 
r > 1, this term must be different from a. It follows that there exists a function 
/ : A — > {1, 2, . . . , r} so that, if f(a) = i, then aa± ■ ■ ■ cii has length r. Since the 
generating set A is infinite, the pigeonhole principle implies that there exists an 
integer i such that = {a G A : f(a) = i) is an infinite set. If a 6 

then aai • • • a 2 ; has length r. If a, a' 6 f 1 ^) and a ^ a' , then aa\ ■ ■ ■ Oi ^ a! a\ ■ ■ ■ a^, 
and so the sphere S A (r) is infinite. This is impossible, hence S A (> r) is empty. □ 

Corollary 1. Let A be an infinite generating set for a group G. If r S N and 
< L A (r) < oo, then r > 1 and L A (r') = oo for r' < r and L A (r') = for r' > r. 
If L A (r) = or oo for all positive integers r, then either L A (r) — oo for all r, or 
there is a positive integer r such that L A (r') — oo for all positive integers r' < r 
and L A {r') = for all integers r' > r. 

Proof. This follows immediately from Theorem [T] □ 

Suppose that A is an infinite generating set for a group G such that the word 
growth function satisfies L A (r') = for some integer r' . Let r be the largest 
integer such that L A (r) > and let s = L A (r) = \S A (r)\. The ordered pair 
(r, s) S N x (N U {oo}) is called the phase transition of the generating set A, and 
S A (r) is called the transition set. For example, let G — Z r be the additive group of 
r-dimcnsional lattice points. Let Ai be the set of all lattice points with an integer 
in the ith place and O's elsewhere, and let A = (Jl=i Ai. The word length of the 
lattice point x £ Z r is the number of nonzero coordinates of x. It follows that A is 
an infinite generating set for Z r with phase transition (r, oo) and transition set 

{(xi, . . . , x r ) G Z r : Xi ^ for alH = 1, . . . , r}. 

We shall construct, for every (r, s) G N x N, a group G and an infinite generating 
set A for G such that A has phase transition (r, s). 
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3. Direct products of groups 

We define • oo = oo • = and /c-oo = oo-/c = ooforfceNU {oo}. This is 
consistent with the fact that the direct product of an infinite set with the empty 
set is the empty set and the direct product of an infinite set with a nonempty set 
is an infinite set. 

Lemma 5. Let G\ and G 2 be groups with identity elements e\ and e 2 and nonempty 
generating sets A\ and A 2 , respectively. The sets A\ and A 2 can be finite or infinite. 
Let G = G\ x G 2 and let 

A = {A 1 x {e 2 }) U ({ ei } x A 2 ) . 
The set A generates G, and 

£ A (xi,x 2 ) = £ Al { x i) + £a 2 {x 2 ) 
for all (xi,x 2 ) 6 Gi x G 2 . Moreover, 

r 

Sa(t)= (J (S Al (r') x S A2 (r - r')) 

r'=0 

and 

r 

(3.1) L A ( r ) = J2LA 1 (r')LA 2 (r-r'). 

r'=0 

Proof. We observe that the sets Ai x {e 2 } and {ei} x A 2 commute with each other, 
and so every product of elements of A can be written as a product in which the 
elements of Ai x {e 2 } precede, that is, occur to the left of, the elements of {ei} x A 2 . 

Suppose that x x G G\ and x 2 G G 2 satisfy £ Al (xi) = r x and £a 2 (x 2 ) = r 2 . 
Choose aj ; i G A\ for i = l,...,n such that x\ = 01,102,1 ••• c rij i, and choose 
flj,2 G A 2 for i = 1, . . . , r 2 such that x 2 — a 2 .\a 2 . 2 ■ ■ ■ a T . 2 . 2 . Then 

(Xi, X 2 ) = (ai ,\a 2 i ■ ■ ■ O ri) i, a2,l»2,2 1 ■ 1 a r 2 ,2) 

= (ai,i,e 2 )(a 2 ,i,e 2 ) ■ ■ ■ (o ri) i, e 2 )(ei, a 2 ,i)(ei, a 2 , 2 ) ■ ■ ■ (ei, a r2)2 ) 

and so l A {x\,x 2 ) <r x +r 2 = l Al (x\) +£ A2 (x 2 ). 

Conversely, suppose that there exist (a,,i, e 2 ) G A for i = 1, . . . , si and (ei, a^ 2 ) G 
A for i = 1, . . . , s 2 such that 

(xi,x 2 ) = (a 1 .i,e 2 )(a 2A ,e 2 ) ■ ■ ■ (o ai ,i, e 2 )(ei, a 2 ,i)(ei, a 2>2 ) ■ ■ ■ (ei, a S2)2 ). 

The length of this word is Si + s 2 . We have 

(xi,x 2 ) = (ai,ia 2 ,i • • -a S i,i,a2,i • • • a 2 , 2 a S2t2 ) 

and so x\ = 01402,1 • • • a Sl; i and x 2 = a 2A a 2 _ 2 ■ ■ ■ a S2 . 2 . It follows that si > £a x (^1) 
and s 2 > £a 2 {x 2 ), hence £ A (xi,x 2 ) > £ Al (xi) +£ A2 (x 2 ). Therefore, £ A (xi,x 2 ) = 

£ Al {xi) + £a 2 (x 2 ). 

This identity implies that (xi,x 2 ) G SA(r) if and only if £a 1 {xi) = r' and 
£a 2 {x 2 ) = r — r' for some r' G {0, 1,2,..., r}. Equivalently, (xi, x 2 ) G Sa{t) if and 
only if xi G S Al (r') and x 2 G S A2 (r — r') and so (xi,x 2 ) G S 1 ^^/) x S'AaC 7 ' — f*') 
for some r' G {0, 1, 2, ... , r}, that is, 

r 

S4r)= (J (S Al (r')xS A2 (r-r')). 

r'=0 
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Since the sets SUx x Sa 2 (r ~ r ') are pairwise disjoint for r' 6 {0, 1, 2, . . . , r}, it 
follows that 



Mr) 



|J (S Xl (r')xS Aa (r-r / )) 

r 

^|S Al (r')x5 A2 (r-r')| 

r'=0 
r 

^^(rOll^Cr-r')! 

r'=0 
r 

X)MCr')M(r-r'). 



r'=Q 



This completes the proof. 



□ 



Theorem 2. Let G\ and G2 be groups with infinite generating sets A\ and A2, and 
with phase transitions (r%, s\) and (r2, S2), respectively. Consider the generating set 
A = (Ai x {e2}) U ({ei} x A2) for the group G\ x G2. The phase transition of A 
is (r*i + r 2 , S1S2) and the transition set is SUi^i) X Sa 2 { t 2)- 

Proof. By LemmaEJ the growth function La satisfies the polynomial recurrence ()3. 1[) 
Since • 00 = 00 • = 0, we have LA 1 (r')LA 2 {r — r') = if and only if r' > n or 
r — r' > T2- If r > 7*1 + ''2 and r' < ri, then r — r' > r — r\ > rq,- This implies 
that La{t) — if r > r% +r 2 . Let r = ri +r 2 . Since LA 1 {r')LA 2 {r — r') = unless 
r' = it follows that 

r i+r 2 

L A (r)= L Al {r')LA 2 {ri+r2-r l ) 

r'=0 

= LAi(n)M( r 2) 

= sis 2 > 0. 

We apply Theorem [T] to complete the proof. □ 

Lemma 6. Let G\ and G2 be groups with identity elements e% and e2 and nonempty 
generating sets A\ and A2, respectively. The sets A\ and A2 can be finite or infinite. 
Let G = G\ x G2 and let 

A=(A x x A 2 ) U (A x x {e 2 }) U ({ei} x A 2 ) . 

The set A generates G, and 

£ A (xi , X2 ) = max (£ Al (x x ) , £ a 2 (x 2 ) ) 

for all (x\,x 2 ) £ Gi x G2. Moreover, 



S A (r) = (S Al (r) x S A2 (r)) U |J (S Al (r') X S Aa (r)) U |J (5 Al (r) x S A2 (r')) 

r'=0 r'=0 

and 

r — 1 ) — 1 

(3.2) L A (r) = L Al (r)L A2 (r) + L A2 (r) £ L Al (r') + L Al (r) £ ^(r 7 ). 
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Proof. Suppose that x\ G G\ and x 2 G G2 satisfy £a 1 {xi) = r\ and £a 2 (x 2 ) = r 2 . 
Choose ai t i G A\ for i ~ l,...,n such that x\ — ai, 102,1 ••• Or^i, and choose 
a-i, 2 G ^2 for « = 1, . . . , r 2 such that X2 = 0-2,10-2,2 ■ ■ ■ o r2 . 2 . If ?"i < f*2, then 

(xi,a!2) = (01,1024 • • • Of!,]., 02,103,2 ' ' ' a r 2 ,2) 

= (ai.i, o 2 ,i)(a 2 ,i, 02,2) • • • (o n ,i, o ri , 2 )(ei, a ri+ i )2 )(ei, a ri+2:2 ) • • ■ (ei,a,. 2j2 ) 

and so £a{x\,x 2 ) < r 2 = max (£a 1 (#i), £a 2 (#2)). 

Conversely, suppose that there exist (oj,i, 0^2) G A for i = 1, . . . ,r such that 

(jci, x 2 ) = (01,1, 02,1) (02,1, 02,2) ■ • • (a r ,i,a r)2 ). 
The length of this word is r. We have 

(xi,X 2 ) = (01,102,1 • • '0^1,02,102,2 • • • a r , 2 ) 

and so X\ = 01402,1 • • • a r ^\ and x 2 — 02,102,2 ' ■ ■ o r ,2- It follows that 

r > ma-x(£ Al (xi),£A 2 (x 2 )) 
and so £a{x\,x 2 ) > max (IUi(£i), ^2(^2))- Therefore, 

£ A (xi,x 2 ) = ma,x(£ Al {xi),£A 2 (x 2 )) . 
The rest of the proof is similar to the proof of Lemma [5] □ 

Theorem 3. Let G\ and G 2 be groups with infinite generating sets A\ and A 2 , and 
with phase transitions (r%, si) and (r 2l s 2 ), respectively. Consider the generating set 
A = (Ai xA 2 )U(Aix{e 2 })L)({ei}xA 2 ) for the group G\xG 2 . The phase transition 
of A is (max(ri, r 2 ), 00). 

Proof. Let r% < r 2 . lir > r 2 , then LA 1 (r) — LA 2 (r) = and 

r — 1 r — 1 

L A (r) = L Al (r)L A2 (r) + L A , (r) £ L Al (r') + L Al (r) ^ La 2 (/) = 0. 

r'=0 r'=0 

We have 

LA(r 2 ) > L Al (ri)L A2 (r 2 ) = Sxs 2 > 0. 
If si < 00 and s 2 < 00, then r 2 > n > 2. It follows from Theorem [1] that 
La x (n — 1) = 00, and so 

La{t2) > L Al (n - l)L A2 {r 2 ) = 00. 

Therefore, (max(ri, r 2 ), 00) is the phase transition of the generating set A. This 
completes the proof. □ 

4. Constructions of groups and generating sets with arbitrary 

phase transitions 

In this section we construct, for every ordered pair (r, s) of positive integers 
with r > 2, a group G and an infinite generating set A whose phase transition 
is (r, s). For even integers s, we construct the appropriate generating sets for the 
additive group Z. Constructions of transition sets for odd integers s are more 
complicated. Recall that if the set A generates the group G, then £a{x) = £a(x~ 1 ) 
for all x G G. It follows that a transition set with an odd number of elements 
must contain an element x ^ e such that x^ 1 — x, that is, an element of order 2, 
also called an involution. The group of integers is torsion-free, and, in particular, 
contains no involutions. However, the group Z x (Z/2Z) does contain an involution; 
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the element (0, 1) is the unique involution in this group. For every integer r > 2 
and every odd positive integer s, we construct a generating set on the finite direct 
product (Z x (Z/2Z))' r ^ 2 ' with phase transition (r,s). 

Theorem 4. Let r and s be positive integers such that r > 2 and s is even. Let W 
be a set of s/2 positive integers. There exists an infinite set A of positive integers 
such that A generates Z and Sa(t) = Wli (— IF). Ln particular, the pair (Z, A) has 
phase transition (r, s). 

Proof. If r = 2, then the set A = N \ W is the unique set of positive integers such 
that SU(2) = W U (-W). The pair (Z, A) has phase transition (2, s). 

Let r > 3 and ao = 0. Let {c^i-i}^ be a sequence of positive integers such 
that a\ > max(FF) and 

a 2 i+i > (r - 2) ((r - 2)a 2 i-i + i) + max(W) 

for alH > 1. We define 

a 2 i = (r - 2)a 2 j_i + i. 

Then 

d2i-i < «2i < (r - 2)a 2i + max(FF) < a 2i+ i 
for all ieN. Consider the set 

oo 

^ = U {°2i-l7 ft 2i}' 

For alH e N \ W we have 

i = a 2l - (r - 2)a 2i _! 6 (r - U 
and so Ia{i) < r — 1 for alii ^ W U (— W). Equivalently, 

r-l 

Z\(IFU(-FF)) C (J 5 A (r')- 

r'=0 

We shall prove that 

r-l 

Z \ (W U (— W)) = |J S A (r'). 

r'=0 

Let n be a positive integer such that n e Ur'^o^C 7 "')- There exist finite disjoint 
multisets J and K of positive integers such that 

j£j keK 

and | J| + \K\ < r — 1, where | J| and |if | denote the cardinalities of the multisets J 
and K. Since n is positive and dj+i > (r — 2)a^ for all i, it follows that ma.x(JUK) £ 
J. If max (J U K) = 2i + 1, then 

n > a2j+i - «fe > a 2 «+i - (r - 2)a 2j > max(IF) 

keK 

and so n ^ IF. 
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Suppose that max( JUK ) = 2i. If J = {2i} and if K is the multiset that contains 
only the integer aa—i with multiplicity r — 2, then 

n = a 2i - a k = a 2l ~ (r - 2)a 2l -i = i£W. 

Otherwise, 

n > a 2l - a k > a 2i - (r - 3)a 2 i-i - «2i-2 

k£K 

If i = 1, then n > a\ > max(W). If i > 2, then 

n > a 2l -i - a 2l -2 = (r — 3)a 2 ;-2 + ma,x(W) > max(W). 
Therefore, n £ W and 

r-l 

Z\ (J S A(r) = WU(-W0- 

Since this set is finite and nonempty, Theorem [T] implies that 

S A (r) = W U (-W) 

and A has phase transition (r, s). This completes the proof. □ 

In the cyclic group Z/2Z we denote the residue classes 2Z and 1 + 2Z by and 
1, respectively. 

Lemma 7. Consider the additive abelian group Z x (Z/2Z). For every positive odd 
integer s, let t = (s + l)/2 tmd 

A s = {(fc,0) : fc = 1,2,3,.. .}U {(fc,T) : k =t,t + l,i + 2,.. .}. 

T/ien A s generates Z x (Z/2Z) and /ias phase transition (2,s). 

Proof. It suffices to observe that 

5 As (0) U 5 A . (1) = Z x (Z/2Z) \ {(fc,T) : k = 0, ±1, . . . , ±(t - 1)}. 

This completes the proof. □ 

Lemma 8. Consider the additive abelian group Z x (Z/2Z). Lei s be a positive 
odd integer, and t = (s + l)/2. Let {afc}^^ fee a sequence of positive integers such 
that 

+ 2k + t < ak+i 
for all k > 1. For every positive integer s, let 
A s = {(dfc,Q), (a* + fc, 0) : k = 1, 2, 3, . . .} U {(a k + 2k,T) : k = t, t + 1, i + 2, . . .}. 
TTien A s generates Z x (Z/2Z) and /ias phase transition (3, s). 
Proof. For all positive integers fc we have 

(fc,o) = K + M)-K,o) 

and so £a((±&,0)) < 2. On the other hand, ^(afe + k + i, 0) > 2 for all fc > 2 and 
i = 1, 2, . . . , k — 1, and La s (2) = oo. 
For every integer k > t we have 

(fc,T) = (o fc + 2fe,T) - (a fe + fe,0) 
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and so £ A ((±k,l)) < 2. Theorem Q] implies that 

S As (3) = Z x (Z/2Z) \ (S As (0) US Ai (l)U S As (2)) 

C {(±fc,I) : fc = 0,1,2,.. 1}. 

We shall prove that Sa s (3) = {(±fc, 1) : k = 0, 1, 2, . . . , t — 1}. It suffices to show 
that the sets SU, (2) and {(fc, 1) : k = 0, 1, 2, . . . , t — 1} are disjoint. 

If not, then there exists fc G {0, 1, 2, . . . , t — 1} such that (k, 1) G <SU S (2)- This 
means that there exist positive integers i and j with j > t and e £ {0, 1} such that 

(fc,T) = ±( 0j + 2j,T) ± (a* + «,0) = (±(aj + 2j) ± (a t + ei),T) 

and so 

±(0j + 2j) ± (oj + ei) = fc. 
Since aj + 2j+ai+ei > 2j >2t>k, it follows that either (i) k = aj+2j — {a,i+ei) 
or (ii) k = a,i + ei — (cij + 2j). In case (i), we have j > i and 

k = cij + 2j — (a,i + ei) > dj + 2j — (cij +j)=j>t>k 
which is absurd. In case (ii) we have i > j and 

k = a, + ei — (aj + 2j) > en — (aj_i + 2{i — 1)) > t > k 

which is also absurd. It follows that 

S Ab {3) = {{±k,T) :fc = 0,l,2,...,t-l} 

and so the group Z x (Z/2Z) with infinite generating set A s has phase transition 
(3,s). □ 

Theorem 5. For positive integers r and s with r > 2 and s odd, the additive group 
(Z x (Z/2Z))' r ^ 2 ' has an infinite generating set A with phase transition (r, s). 

Proof. In Lemma for every odd positive integer s we constructed an infinite gen- 
erating set A s for the group Z x (Z/2Z) with phase transition (2, s). Applying this 
in the case s — 1 to Theorem^ we see that if a group G has phase transition (r, s) 
with respect to some infinite generating set, then there also exists an infinite gener- 
ating set for the group G x Z x (Z/2Z) with phase transition (r + 2, s). If we start 
with the generating set A s for the group Z x (Z/2Z) with phase transition (2, s), 
then for every even positive integer r we obtain inductively an infinite generating 
set for the group (Z x (Z/2Z)) r ^ 2 with phase transition (r, s). 

Similarly, we obtain from Lemma[8]a generating set A s for the group Z x (Z/2Z) 
with phase transition (3, s). Again applying Thcorcm[2j for every odd positive inte- 
ger s we obtain inductively an infinite generating set for the group (Z x (Z/2Z))' r ^ 2 ' 
with phase transition (r, s). This completes the proof. □ 

5. Open Problems 

Problem 1. Let G be a group. Classify the set of all finite phase transitions and 
finite transition sets associated with infinite generating sets for G. 

Theorem 2] solves this problem for G = Z: The set of finite phase transitions is 
{(r, s) € N 2 : r > 2 and s even}, and for every r > 2, the set of finite transition 
sets of integers is 

{W U (-W) : W C N and < \W\ < oo}. 



PHASE TRANSITIONS IN INFINITELY GENERATED GROUPS 



11 



However, the problem of describing the finite transition sets in an arbitrary group, 
even an abelian group, is difficult. For example, consider the group 

oo 
i=0 

where Go = Z/4Z and d = Z/2Z for i e N. Let w* = (wo, wi, W2, ■ ■ ■), where 
wq = 2 + 4Z and Wi = 2Z for i e N. Let W be any finite symmetric subset of 
G \ {e} with w* £ W. We shall prove that, for every r > 3, there does not exist an 
infinite set A that generates G and has the associated transition set Sa(t) = W. If 
there did exist such a generating set A, then £^(w*) > 3. Let x = (xq,X\,X2, ■ ■ •) 
be an element of G \ W with x = 1 + 4Z. Then 1 < £a(x) < r — 1, and there is a 
sequence of at most r — 1 elements of A U (—A) whose sum is x. Since x — 1 + 4Z, 
at least one of these summands must be of the form a = (do, cii, <i2j • • •) with 
a = 1 + 4Z or 3 + 4Z, and so 2a = w* 6 SU(2), that is, £a(V) < 2. This is a 
contradiction. 

Problem 2. TTiis zs </ie inverse problem for finite phase transitions. Let G be a 
group, and let (r, s) be a finite phase transition for G with transition set S. Describe 
the set of all infinite generating sets A for G such that A has transition set S. 

Problem 3. The counting function A(t) of a set A of integers counts the number 
of positive elements of A that do not exceed t. Forr > 2, let W be a nonempty finite 
set of positive integers and let A be a set of positive integers such that A generates Z 
and SA(r) — W U (-W). Compute the greatest density of a set A whose transition 
set is W U (— W). In particular, estimate or compute 

sup ({9 > : there exists ACN such that S A (r) = WU (-W) and A(t) > t 9 }) . 

Problem 4. Determine the set of phase transitions and transition sets for the 
group Z x (Z/2Z). 

Problem 5. Let G be a group. Classify the set of all infinite phase transitions and 
infinite transition sets associated with infinite generating sets for G. This is not 
known even for G = Z. 

Problem 6. This is the inverse problem for infinite phase transitions. Let G be 
a group, and let (r, oo) be an infinite phase transition for G with transition set 
S. Classify the set of all infinite generating sets A for G such that A has phase 
transition (r, oo) and transition set S . 

Problem 7. Let G be an infinite group and let A be the set of all infinite generating 
sets for G. Is there an algorithm to determine if a generating set A E A has a phase 
transition? 

Problem 8. Let G be an infinite group. Is there a method to determine if an 
infinite generating set A for G has a finite or an infinite phase transition? 
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